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en ■ Abstract 



The polarization dependent momentum distributions of top quarks and 
their decay products are calculated for tt production at future e+e" 
colliders with polarized beams. The Green function formalism is ap- 



o ■ plied to this reaction near energy threshold. The Lippmann-Schwinger 

JL , equations for the S-wave and P-wave Green functions are solved nu- 

q_) \ merically for the QCD chromostatic potential given by the two-loop 

1-^ ' formula at large momentum transfers and Richardson ansatz at inter- 
mediate and small ones. It is demonstrated that for the longitudinally 

k>( \ polarized electron beam an optimally polarized sample of top quarks 

\-{ ' can be produced. 
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Introduction 

There is no doubt that precise studies of top quark interactions will lead to 
profound progress in particle physics. The top quark is the heaviest fermion 
of the Standard Model. Its large mass allows to probe deeply into the QCD 
potential for nonrelativistic ti system produced near threshold. Such a system 
will provide a unique opportunity for a variety of novel QCD studies. Polariza- 
tion studies for ti pairs near threshold are free from hadronization ambiguities. 
This is due to the short lifetime of the top quark. The lifetime of the top quark 
is shorter than the formation time of top mesons and toponium resonances. 
Therefore top decays intercept the process of hadronization at an early stage 
and practically eliminate associated nonperturbative effects. 

The analysis of polarized top quarks and their decays has recently attracted 
considerable attention (See |jl|, |^ and references cited therein). The reason is 
that this analysis will result in determination of the top quark coupling to 
the W and Z bosons either confirming the predictions of the Standard Model 
or providing clues for physics beyond. The latter possibility is particularly 
intriguing because rrit plays an exceptional role in the fermion mass spectrum. 

A number of mechanisms have been suggested that will lead to polar- 
ized top quarks. However, studies at a linear electron-positron collider are 
particularly clean for precision tests. Moreover, close to threshold and with 
longitudinally polarized electrons one can study decays of polarized top quarks 
under particularly convenient conditions: large event rates, well-identified rest 
frame of the top quark, and large degree of polarization. At the same time, 
thanks to the spectacular success of the polarization program at SLC 0, the 
longitudinal polarization of the electron beam will be an obvious option for a 
future linear collider[|. 

In the present article^] top quark polarization is studied in the reaction 
e~^e~ —>■ ti. The calculations of top polarization well above the threshold for 
ti production were published long ago 0. The threshold region, however, 
deserves a special study. To demonstrate that this polarization is indeed ex- 
perimentally accessible we review briefly polarization effects in top decays. 



^Another proposed and closely related facility is a photon linear collider. At such a 
machine the high energy photon beams can be generated via Compton scattering of laser 
light on electrons accelerated in the linac. The threshold behaviour of the reaction 77 — > ti 
has been reviewed in [^ and the top quark polarization in this reaction has been recently 
considered in |5|. 

^Some results of these studies have been presented in M. 



Subsequently we discuss the dependence of the top quark polarization on the 
longitudinal polarizations of the beams. Due to restricted phase space the 
amplitude is dominantly S wave and the electron and positron polarizations 
are directly transferred to the top quark. For a quantitative study this sim- 
ple picture has to be extended and the modifications originating from S — P 
wave interference should be taken into account. As a consequence of final 
state interaction between t and i, which leads to the familiar QCD poten- 
tial, the parton model prediction where these terms are simply proportional 



to /5 = Jl — 4mf/s has to be modified. The interference terms are therefore 
calculated from numerical solutions of Lippmann-Schwinger equations. 

Decays of polarized top quarks 

The polarization four-vector s'^ of the top quark can be determined from the 
angular-energy distributions of the charged leptons in semileptonic t decays. In 
the t quark rest frame this distribution is in Born approximation the product 
of the energy and the angular distributions ^ : 

d^r 1 .^ ^ ^, dr ,^, 

- [1 + ScosO] -— (1) 



dSfdcos^ 2 ' ' dEe 

where s^ = {0,s), S = \ s\ and 6 is the angle between s'and the direction of 
the charged lepton. QCD corrections essentially do not spoil factorization P]. 
Thus, the polarization analyzing power of the charged lepton energy- angular 
distribution remains maximal. There is no factorization for the neutrino 
energy-angular distribution which is therefore less sensitive to the polariza- 
tion of the decaying top quark. On the other hand it has been shown |T^ 
that the angular-energy distribution of neutrinos from the polarized top quark 
decay will allow for a particularly sensitive test of the V-A structure of the 
weak charged current. 

Top polarization at a linear collider 



We adopt the conventions of ref. |11| and describe the longitudinal polarization 



of the e^e system in its center-of-mass frame as a function of the variable 
where Pe± denote the polarizations of e^ with respect to the directions of e~^ 



and e~ beams, respectively^ A righthanded system of coordinates is defined 
througli tlie triplet of otliogonal unit vectors: n^, h^ and nn where n\\ points 
in the direction of e~ beam, n^ ~ p^- x pt is normal to the production plane 
and n± = -hj^ X n\\ . In the absence of phases from final state interaction, which 
can be induced by higher orders in ag and will be considered elsewhere, the 
top quark polarization vector is in the production plane and P\\ and Pi denote 
its longitudinal and transverse components. The definition of P\\ and P± with 
respect to the beam direction is convenient for the treatment close to threshold 
and differs from the definition of 0] where the quantities have been defined 
with respect to the direction of flight of the top quark. The angle '& denotes 
the angle between e~ and the top quark. 

In the threshold region the top quark is nonrelativistic (with velocity f3 = 
p/rrit ~ as) and the kinetic energy of the ti system E = ^/s — 2mt is of or- 
der 0{(3'^). As a consequence of the ti interaction the top quarks will exhibit 
a momentum spread (Fermi motion) even for fixed energy E [Q. Also the 
polarization and the angular distribution will depend on both E and p. Re- 
taining only the terms up to 0{(3) one derives the following expressions for 
the components of the polarization vector, as functions of E, p and d 



V,{p,E,^) 


= C^{x) + CI{xMp,E) COS ^ 


(3) 


V±ip,E,^) 


= C^{xMP,E)sm^ 


(4) 


and, after the integration over top quark momentum p. 




PiiiE,^) 


= C^ix) + CiixmE)cos^ 


(5) 


P±{E,^) 


= Cx(x)$(^)sin^ 


(6) 


where 






c^ix) 


^2 + XO-l 


(7) 


clix) 


^aiaA-a2a3 
^ ^^ai + X«2)2 


(8) 


c±ix) 


1 04 + xas 

2 ai + xci'2 

iture linear e+e^ collider Pg+ — 0, P^- 


(9) 


■'It is conceivable that for a fi 


^ and then 



X = -Pe-- 



with 



Oi = 

02 = 

^3 = 

04 = 

d = 



QeQt + (^e + Cil)vl;d^ + 2qeqtVeVtd 
2veaeV^d'^ + 2qeqtaeVtd 
AveaeVtatd^ + 2qeqtaeatd 
2(^e + al)vtatd'^ + 2qeqtVeatd 

1 s 

16 sin^ 6^^/ cos2 Ow s - M^ 



and 



ge = — 1 t'e = — 1 + 4sin^ 9w Oe = —1 

gt = f f i = 1 - I sin^ 6'vi^ a* = 1 

The coefficients C|°(x), C*il(x) ^-^id C±{x) depend on the polarization x, the 
electroweak couphng constants, the Z mass and the center-of-mass energy 
■^/s ~ 2mt. They are plotted in Fig.|l] for rrit = 174 GeV, sin^ 9w = 0.2317 and 
Mz = 91.1888 GeV. C^{x) and Cj{x) are shown in Fig.[3a as the sohd and 
the dashed lines, respectively, and C±{x) as the solid line in Fig.|l]b. Eqs.@ 
and (H) extend the results of |]^, |13[ into the threshold region. 
The functions (p{p,E) and ^{E) in eqs.@-(|) replace the simple factor P in 
a calculation for free, noninteracting quarks. They describe the complicated 
dynamics of the ti system near threshold which in particular includes effects of 
the would-be toponium resonances and Coulomb enhancement. Nevertheless, 
it is possible to calculate these functions using the Green function method. 
The same functions ip{p, E) and $(-E) also govern the angular distributions 
of the top quark in e~^e~ —>■ ti. For fixed E and p the angular distribution is 
given by 

(p, E) ~ (ai + xa2) + (as + X«4) '■p{p, E) cos^ (10) 



dcos'i? 

and the corresponding forward-backward asymmetry reads 
"1 . dA/" /-o , „ dAT 



Afb{p,E) = f dcos^- / dcos^- = CMX)V{P,E) (11) 

JO dcosw J-i dcosw 

The function 

2ai + XO'2 



ri ( \ 1 '^'3 + XO'4 ,-, r,\ 

CfbKX) = 7; \ (12) 



is shown as the dashed hne in Fig.|I|b. Integrating the distribution ([T0| ) over p 
one obtaines the forward-backward asymmetry 

Afb{E) = Cfb{xME) (13) 



which has been first obtained in WM for x = 0. 



Lippmann-Schwinger equations 

To evaluate the functions ip{p,E) and $(£') the Green function method is 
adequate which has become a standard tool for studying e~^e~ annihilation in 
the threshold region |T^, 0, |17|, |18|. We follow the momentum space approach 
[|l^ and solve the Lippmann-Schwinger equations numerically for the S'-wave 
and P-wave Green functions 

G{p,E) = Go{p,E) + Go{p,E)J-^^V{\p-q\)G{q,E) (14) 

F{p,E) = Goip,E) + Goip,E)J-0-^^V{\p-q\)F{q,E) (15) 

where p = \p\ is the momentum of the top quark in ti rest frame, 

Go{p,E) = [E~pymt + iTty' (16) 

and Tt denotes the top width. The QCD potential in momentum space V{p) 
is described in [EU . 



In the nonrelativistic approximation the momentum distribution of the top 
quark is dominated by the S'-wave contribution and it is proportional to 

VsMp,E)=p''\G\'' (17) 

which is shown in Fig.^a. For E = —2.6 GeV (dashed line) T>s-s is relatively 
wide and exhibits the shape expected for the ground state wave function. For 
E = 1 GeV (solid line) the distribution becomes narrower and is peaked at 
a nonvanishing momentum corresponding to open top production. Contribu- 
tions of 0{j3) to Vi\ and V± as well as to the forward-backward asymmetry Afb 
arise from the interference of 5*- and P- waves and are therefore proportional 
to 

VsMp, E)=p^ne{GF*) jm, (18) 



This distribution, shown in Fig-^D exhibits a significantly wider spread in 
momentum, a feature naturally explained by the larger momentum of P-states. 
The angular distribution ([T0|), the forward-backward asymmetry (11), and the 



components (§) and (^ of the polarization vector for fixed E and p are then 
governed by the ratio 

<^(P'^) = t: — zrvzz — —T:r (19) 



which is plotted in Fig.^. The factors (l — ^) and (l — ^) originate from 
transversal gluon exchange [|19|. In a similar way the function 

(l-X^)/o''" dpVs-p{p,E) 

$(E) = ) '-^^ ^ ^ (20) 

'l-'-^)jtdpVs-s{P,E) 



describes the integrated quantities. The upper limit Pm has been introduced in 
order to cut off the logarithmic divergence of the numerator. The denominator 
remains finite for Pm — > C)0. In experimental analyses the contributions of very 
large intrinsic momenta will be automatically suppressed by the separation of 
ti events from the background. In our calculation we use Pm = mt/3. The 
function $(-E) is plotted in Fig.|^ for rrit = 174 GeV. The QCD potential 
depends on as{rnz) and our results are presented for as = 0.11 / 0.12 / 0.13 as 
dotted/solid/dashed lines. For a comparison in Fig.^ the annihilation cross 
section cr(e+e~ -^ ti) is shown in units of a{e~^e~ — > /i"*"/i~). The increase of 



^{E) with E resembles qualitatively the behaviour (3 ~ JE/rrit expected for 
noninteracting quarks. Linear terms in (3 amount to typically 0.1 and could, 
therefore, be accessible experimentally, whereas relativistic corrections ~ jS"^ 
are evidently small. 

Combining Figs.(|T|)-(|^) the predictions for the polarizations and the angu- 
lar distributions can be discussed easily. The coefficient C^{x) governs the 
leading term for the longitudinal polarization. (For electroweak corrections to 
this quantity see |^T], |2^.) For % = ±1 the top quark polarization is simply 
given by the polarization of the incoming electrons, resulting in C^{x) = Tl 
and C||(x) = 0, and consequently in a nearly completely polarized sample of 
top quarks, a strong argument for top production with polarized beams. The 
deviation from the f3 = prediction for the longitudinal top polarization is 

6 



maximal at x ~ —0.4, where C^{x) happens to vanish, but remains generally 
small. The coefficient C±{x) is small for unpolarized beams. For x = — 1 
however, it amounts to 0.65 which leads to sizeable polarization of top quarks 
perpendicular to the beam, if they are produced at large angles. The angular 
distribution and the forward-backward asymmetry ApB, on the other hand, 
are fairly insensitive towards beam polarization in the threshold region. They 
can be used for experimental determination of ^{E) which will test the QCD 
description of ti interactions and may lead to an independent determination 
of rrit and as- 
Summary 

Top quark polarization can be reliably predicted in the threshold region. Em- 
ploying longitudinally polarized beams an optimally polarized sample of top 
quarks may be produced, allowing for precision studies of tbW coupling. Small 
corrections of order (3 arise from the admixture of P waves. These can be cal- 
culated using Green function techniques. The predictions are sensitive towards 
the potential model, leading to additional constraints on the value of a^. 
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Figure 1: Coefficient functions: a) C°(x) - solid line and Cj{x) ^ dashed line, 
b) C±{x) ^ solid line and Cfb{x) ^ dashed line. 
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Figure 2: Momentum distributions: a) Vs-s{p, E), b) Vs-p{p, E), and c) their 
ratio (p{p, E) for E = 1 and E = —2.6 GeV - solid/dashed lines, rrit = 174 GeV 
and as(mz) = 0.12. 
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Figure 3: Energy dependence in the threshold region of: a) ^{E) and b) 
R = (7{e~^e' -^ ti)/a{e~^e~' -^ fJ'^fJ'') for rrit = 174 GeV and as{mz) = 0.11, 
0.12 and 0.13 - dashed, sohd and dotted hnes, respectively. 
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